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The analytic structure of partial-wave amplitudes is used to derive a dispersion relation for the scattering 
phase shift. This dispersion relation is used to obtain a lower bound on the momentum derivative of the 
phase shift. The bound depends on an integral over the unphysical (left-hand) cut in the momentum squared 
plane and can be expressed in terms of the number of zeros of the real part of the S matrix along the un­
physical cut. Stronger bounds are also presented involving the position of these zeros and the locations 
and widths of resonances and virtual states. The same approach is used to obtain limits on the magnitude 
of coupling constants. 

1. INTRODUCTION 

IT has been shown by Wigner1 that the momentum 
derivative of the scattering phase shift must exceed 

a certain limit if the potential vanishes beyond a certain 
distance. A similar limit has been obtained by Goebel, 
Karplus, and Ruderman2 for a relativistic neutral two-
particle system, again under the restriction that the 
interaction be of finite range. 

Since, fundamentally, Wigner's theorem is a conse­
quence of causality, it should be possible to prove it 
within the framework of S-matrix theory, without intro­
ducing explicitly an interaction range but by making 
use instead of the analytic structure of the S matrix. 
This is the aim of the present paper wherein the 
analytic structure of the S matrix is determined from 
the assumption that the partial-wave amplitudes have 
no singularities other than those that follow from the 
Mandelstam representation. As a by-product we also 
obtain upper limits for the coupling constants, similar 
to those obtained by Ruderman.3 

The bounds on the coupling constant or the mo­
mentum derivative of the phase shift involve, in their 
weakest form, the number of zeros of the real part or 
the imaginary part of the S matrix on the unphysical 
cut. Stronger bounds are also presented involving the 
positions of these zeros, and/or the positions of the 
zeros of the S matrix itself in the entire complex plane 
(i.e., the locations and widths of resonances and virtual 
states), and/or the imaginary part of the phase shift 
along the inelastic cut. 

2. DISPERSION RELATION FOR PHASE SHIFT 

Consider the functions 5 (s), S(z), f(z), and p(z) of the 
complex variable z related by4 

e2i8^ = S(z)=l+2ip(z)f(z). (1) 

* Work supported in part by the National Science Foundation. 
f Work supported in part by the Atomic Energy Commission. 
1 E. P. Wigner, Phys. Rev. 98, 145 (1955). 
2 C. J. Goebel, R. Karplus, and M. A. Ruderman, Phys. Rev. 

100, 240 (1955). 
3 M. A. Ruderman, Phys. Rev. 127, 312 (1962). 
4 VVe omit throughout the subscripts on 8, S, and / , that 

identify their angular momentum and isotopic spin. 

The phase shift 5(x), the S matrix S(x), and the partial-
wave amplitude f(x) are the boundary values of the 
corresponding functions of z as z approaches x from 
above, where x is real and positive and equal to the 
square of the three-momentum of the scattering par­
ticles in their barycentric frame. p{z) is a kinematic 
factor. We consider the scattering of pseudoscalar 
isovector particles (pions) as an example. Then 

P(z) = zU*(z+l)-w, (2) 

whereas 
S*(z*) = S(z), /*(«*) = /(*), 

P*(«*)=-p(*), «*(**)=»-5(s). 

where we have set the pion mass equal to unity. Here 
and in the following we define the roots zm and (z+l)1/2 

such that their imaginary parts are non-negative in the 
cut plane with branch lines between 0 and + <*> and 
betwreen — <x> and — 1. We note for future reference that 
S(z) and f(z) are real functions 

(3) 

(4) 

It follows from the Mandelstam representation that 
f(z) is analytic in the z plane cut as above. Hence by 
Eq. (1), S(z) is analytic in the cut plane, and d(z) is 
analytic in the cut plane except for logarithmic branch 
points at the zeros of S (z). Let the zeros of the S matrix 
on the negative real axis lie at — aPJ ap>0, those on the 
positive real axis lie at br, br>0, and those in the com­
plex plane lie at as and as* [it follows from Eq. (3) that 
the complex zeros appear in pairs]. The ap for different 
p, br for different r, and as for different s are not assumed 
to be necessarily distinct. Then the function S(z), 
defined by 

S(z) = S(z)/D(z), 

0 ( 8 ) = n , ( 2 + « p ) I I r ( a - 6 r ) n . ( 2 - a . ) ( 2 - « . * ) , (5 ) 

is analytic in the cut plane and has no zeros. 
Consider therefore the function 

*(*) = 
2i\/z 

\nS(z) = 
«(*) 1 

\/z 2i\/z 
lnD(s), (6) 

where we take that branch of lnS(z) that is real in the 
gap —1<2<0. Since S(z) has no zeros, r)(z) is analytic 
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in the cut plane; furthermore, rj(z) vanishes at infinity 
provided that 8(z) behaves at infinity no worse than 
zl/2~% €>0. We may therefore apply to r?(z) Cauchy's 
theorem and obtain 

!,(«) = - / dx+- / dx, (7) 
TTJ-OO X—Z IT JO X—Z 

where 
iv(x)>{ri(x+i0)-v(x-i0)}/(2i). 

I t follows from Eq. (6) that for x>0 

1 

(8) 

&(*)]=-
4 \ / # 

-ln{£(*)S*(*)} 

«/(*) 1 

and for %<Q 
\/x 2\/x 

ln\D(x)\ (9) 

& ( * ) ] — 
1 S(*) l 

• In- s *>(*), (10) 
4 \ / # /S*(a?) ?V* 

where 8j (#) is the imaginary part of the phase shift. 
After substituting Eqs. (9) and (10) into Eq. (7) and 

noting that 

T J Q 

ln|Z)(*)| 
-dx 

o 2(x—z)\/x 

1 
lnZ>(z)-

2i\/z 2i\/z 

f iav
m-z1'* a s

1 / 2-s 1 / 2 (a.*)1 '2-*1 '2 

xin n n 
l p idpW+z1** * as

ll2+z112 (a.*)^2+2 ] 

we finally obtain 

1/2 
( ID 

*(*) 1 

in n 
ia^-z1'2 l / 2 _ 7 l / 2 

n-
(«.*> 1/2__ 5J/2 

V * 2 V 2 I p *V / 2 +z 1 / 2 * as
1/2+z1/2 (as*)1/2+s1/2 

+ - / + " / , (12) 
7T./3 (x—z)\/x w J1 ( # + z ) \ / # 

where we have used the fact that 5i(x) = 0 for 0 ^ # ^ 3 
(# = 3 being the lowest inelastic threshold in the case of 
pion kinematics). 

Equation (12) provides the basis for all the con­
siderations to follow. I t has been obtained previously by 
various authors5 and we present our derivation of it 
mainly for the sake of completeness and clarity. We 
remark that the structure of Eq. (12) is quite general 
and only the details depend on the assumption that we 
are dealing with the scattering of pions. The terms due 
to the zeros of S(z) and the integral over the inelastic 

6 J. C. Ball and W. R. Frazer, Phys. Rev. Letters 7, 204 (1961); 
and in particular T. Ogimoto, Progr. Theoret. Phys. (Kyoto) 27, 
396 (1962); and C. H. Albright and W. D. McGlinn, Nuovo 
Cimento 25, 193 (1962). 

cut are essentially unchanged when one considers other 
systems; however, additional unphysical and/or kine­
matic cuts may appear. If bound states are present, the 
S matrix has poles in the gap; by suitably redefining 
D(z) we can still construct an S(z) which has these poles 
eliminated and the derivation proceeds as before. Thus 
if there were a bound state in the pion-pion system at 
z——B,0<B<l, there would appear on the right side of 
Eq. (12) the term (2i\/z)~1 \n[{i^B+^z)/(i*s/B-^z)']. 

Our 8(z) is the same as the physical scattering phase 
shift only in the elastic region: z=k2, 0^k2^3. Equa­
tion (12) is valid for z=k2 provided that none of the 
zeros of the S matrix lie in the elastic interval. Since in 
the elastic region unitarity and reality imply that the 
magnitude of the 5 matrix is equal to unity, it is clear 
that the S matrix cannot vanish there. Setting z—k2 and 
differentiating with respect to the momentum k we 
obtain from Eq. (12) the following expression for the 
momentum derivative of the phase shift: 

dd(k2) {aPY2 k2+\as\ 
= £ + L 2 I m ( a , ) ^ 

dk v k2Jrap * lJP-a .1 

1 r™ {x+k2)h(x) 1 r™ [x+t 

w J3 (x— 
+ - / dx 

h {x-k2)Wx 

TC J \ 

(x—k2)<p(—x) 

(x+k2Wx 
•dx. (13) 

I t follows from unitarity that 8i(x) ^ 0, x^ 0, and conse­
quently the contributions of all terms in Eq. (13) are 
non-negative, except for the integral over <p(—x) which 
will be referred to in what follows as I(k2). Our next 
task, therefore, is to obtain a lower bound for I(k2). 

3. BOUND ON THE MOMENTUM DERIVATIVE 
OF THE PHASE SHIFT 

I t follows from its definition, Eq. (10), that 2<p(x) is 
equal to the phase of S(x), up to an additive constant. 
Consequently, 2<p(x) changes at most by w as x varies 
between two consecutive zeros of odd order of Im5(#), 
or of ReS(x). Let such zeros of ReS(x) that lie along the 
unphysical cut be denoted by —0j, j — 1, 2- • -w, labeled 
in order of increasing magnitude: 

£o <0 i < • • •< /?» < & H - I , (14) 

where we have set for convenience 1=00, 00 = 0 n + i . Let 
p.m in (max) s tand for the minimum (maximum) value of 
<p(—x) for Pj^x^Pj+i. In order not to interrupt the 
argument we postpone the proof that 

2<pomin=-7r/2 (15) 

from which it follows that 

2 ^ m i n = - 7 r ( i + i ) , 2 ^ — = + 7 r ( i + J ) . (16) 

We may now obtain a lower bound on I(k2) by 
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breaking up the range of integration into intervals 
whose end points are the #/ and replacing <p(—x) 
within each interval by <pymin (if x>k2) or <pjmax (if 
x<k2). Thus, for P ^ l w e have 

/(&2)>L 
^ ^.min j.fij+1 (X—k2)dx 

fii {x+V)W* 7=0 

= Z 0 + § ) — ) 
i-o W1+&2 fo+kV 

= -KH-^ 2 ) - 1 - E CM-sVfo)1'2. (17) 

Proceeding in a corresponding fashion, for &2>1 we 
obtain 

I{¥)>l{\+m-^\{\+2m){\k\)-1 

E (^i+^2)-105y)1/2+2E (fii+m-Wi)11*, (18) 
y-i y-i 

where w is the number of zeros that lie between 1 and k2. 
If only the numbers n and w, but not the positions 

—/?y, of the zeros are known, Eqs. (17) and (18) must be 
replaced by the weaker inequalities 

>-i(»+m+l)(|*|)-1+(«+i)(l+A*)-1, 
&>1. (19) 

If desired, the dependence on m and k2 may be elimi­
nated from Eq. (19) by making use of the inequalities 

(20) 

(21) 

In this manner we obtain the rigorous lower bound on 
the momentum derivative of the phase shift as 

d8/dk>-(n+$), 0 O 2 ^ 3 , (22) 

where n is the number of zeros of the real part of the S 
matrix along the unphysical cut that are not simul­
taneously zeros of the imaginary part of S (this last 
restriction can, of course, be dropped since n ^ N where 
N is the number of zeros of ReS without restrictions). 

This completes our derivation of a bound on the mo­
mentum derivative of the phase shift except for the 
proof of Eq. (15). By definition, Eq. (10), 2(p(x) = 0, for 
x in the gap between 0 and — 1. Hence 2<p(x+iO) for x 
just to the left of — 1 is equal to the change in the phase 
of S(x+iO) as x moves from just to the left of — 1 to the 
right of — 1 . Now it can be shown6 that the partial-
wave amplitude f(z) has at z=—1 a square-root type 
of singularity with Im/(z) vanishing like (z+l)3 / 2 . 
Consequently, in the neighborhood of s = —1 we may 

6 R. Blankenbecler, M. L. Goldberger, S. W. McDowell, and 
S. B. Treiman, Phys. Rev. 123, 692 (1961). 

wri te 

/(*)=(*+l)wg(s)+A(z), (23) 

where g (z) and h (z) are real analytic functions. Therefore, 

S(z) —> [1 -2A(-1 ) ( Z +1) - 1 ' 2 3Z>- 1 ( -1 ) . (24) 
Z-+—1 

In writing Eq. (24) we have used the fact that the zeros 
of D{z) are the same as the zeros of S{z) and so D(— 1) 
5^0 since 

S ( - l ) = l i m [ l - 2 ^ ( - l ) ( 2 + l ) - 1 / 2 ] ^ 0 . (25) 
z-*—1 

Thus, if h (— 1) 7^ 0, the change in the phase of S (x+iO) 
as x goes from —1 — e t o — 1 + e i s the same as the change 
in the phase of (x+l+i0)~lf2, i.e., the phase increases 
from —7r/2 to zero. If h(— 1) = 0, then there is no change 
in the phase of S(x+i0). In either case we have 

2<p0
min=-ir/2. 

4. BOUND ON THE PION-PION COUPLING 
CONSTANT 

The pion-pion coupling constant A may be defined by7 

X,= _ J ( 2 / + l ) P , ( 0 ) / « ( - * ) , (26) 

where Pi is the /th Legendre polynomial and fi is the 
Mi partial-wave amplitude for the scattering of pions in 
the isotopic spin 0 state (the same equation holds for 
the isotopic spin 2 amplitudes provided that the factor 
| is replaced by J) . 

I t follows from Eq. (12) that 

e2ih{-2lZ) — eJ J J (*p) 1 / 2 ~7 

p (<*P) 1 / 2 +7 

Xexp 

where 7 = (f )1/2 and 

27 r00 <p(—x)dx 

n (a s)
I / 2—vy 

(a.)»»+*yl 

2T r 8i(x)dx 2y r« 

•K Jz (x+$Wx\ 
(27) 

J — 
7T J\ (x—§)y/x 

2<pj» 
< - T E 

y-o 

Pj+i dx 

$i O - f V * 
1+7\1/2 » (fo)l/2+7l 

Hence 

^2i8(-2/3)| 

= ln II 
l \ l - 7 / y-i (ft)1'2-

/1+T\1 / 2 » (&)1/2+Y / l + 7 \ 1 / 2 + n 

\ i _ 7 y y=1 (/5.)i/2_7 \ i _ T y ' 

(28) 

(29) 

where we must use the second form of the inequality 

7 G. F. Chew and S. Mandelstam, Phys. Rev. 119, 467 (1960). 
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(29) if only the number n, but not the positions — 0/, of 
the zeros is known. 

Combining Eqs. (1), (26), and (29) we obtain bounds 
on A *. Thus, for example, we have for s waves 

(
l-f-'yV 1/2+»0 

J . (30) 

In particular, if tio—Q we obtain 

-0 .29<Ao<0.15, (31) 

which may be compared with the limits obtained by 
Chew and Mandelstam,7 their Eq. (V.19): 

-0.36<X0<0.3. 

Since only even values of / contribute to Eq. (26), and 
since fi(x) vanishes like xl+m as x —> 0, it is plausible to 
expect that all Xj, /T^O, can be neglected in comparison 
with Xo. In that case, bounds on X may be obtained from 
a consideration of s waves alone by setting X^Xo. 

5. BOUND ON THE PION-NUCLEON 
COUPLING CONSTANT 

In this section we shall use the same techniques as in 
previous sections to obtain an upper bound on the pion-
nucleon coupling constant. 

The analytic properties of the pion-nucleon partial-
wave scattering amplitudes have been studied by Frazer 
and Fulco, and Frautschi and Walecka,8 on the basis of 
the Mandelstam representation for the invariant ampli­
tudes. They showed that the partial-wave amplitudes 
are analytic in the cut W plane, where W is the total 
energy in the barycentric frame, with the cuts extending 
into the complex plane as well as onto the real axis. I t 
is easily seen, however, that the partial-wave amplitudes 
are analytic in the cut co plane, where a> is the pion 
energy in the barycentric frame, with the cuts lying 
only on the real and imaginary axes. This analytic be­
havior is similar to the one that can be derived from the 
fixed source Chew-Low model,9 in which the singu­
larities along the imaginary axis are due to the cutoff 
function instead of being due to the crossed process 
7T7T —» NN of the relativistic dispersion relations. 

As will be seen later, the imaginary cut of the pion-
nucleon scattering plays a similar role, as far as the 
dispersion relation for the phase shift is concerned, as 
the left-hand cut of the previous sections. Since the 
contributions from these cuts are not known a priori, 
there is little difference between the Chew-Low model 
and the relativistic dispersion model. For this reason we 
confine ourselves to the Chew-Low model which is 
easier to handle. 

The scattering amplitude, ha, has the following 

representation: 

8 W. R. Frazer and J. R. Fulco, Phys. Rev. 119, 1420 (1960); 
S. C. Frautschi and J. D. Walecka, ibid. 120, 1486 (1960). 

9 G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956). 

ha(u>) 
X« 1 f00 r1mha(o>P) x« i r 
CO IT J l 

do), 

f 
+HA 

Im^(c0j,)"| «„ — , (32) 

where p is the pion momentum and a = l , 2, 3 corre­
sponds to the states T = | P1/2, T = | P3/2 or T = | P1/2, 
and r = § P3/2, respectively. The cutoff function v(a>) is 
assumed to have the representation 

v(oS) = J dm2 <r(m2)/(m2+oo2), 
J mo2 

f 
(S3) 

dmi<r(m
2)/mi=l. 

The Born term Xa is given by 

-4' 
-1 

I 2 . 
(34) 

where / is the pion-nucleon coupling constant. The ha 

may be expressed in terms of the phase shifts 8,: 

lim * a(«) = ew«<*> s in5 a (^) / [^ 2 (co p ) ] , (35) 

and satisfy the crossing relation: 

ha{ — W) = E<S Aafihfifa), 
where 

1 - 8 16] 
- 2 7 4 

L 4 4 1J 

(36) 

(37) 

Let us look at the analytic structure of t?«(a>), the 
scattering phase shift divided by the momentum: 

(38) 
n a («)=( l /2*#) l i i5a(«) , 

Sa(a>)=l+2iph2(a3)ha(u>). 

I t follows from Eqs. (32), (33), and (38) that T?«(CO) has a 
logarithmic branch point at w=0, a cut along the posi­
tive real axis for w> 2 and a cut along the negative real 
axis for o>^ — 1, and a pair of cuts along the imaginary 
axis due to the cutoff function. In addition to these 
singularities rja has logarithmic branch points at the 
zeros of 5«. Since 5«(dbl) = l and 5a(0z±:e)==±oo for 
a=3( zFoo for a = 1, 2), Sa must have at least one zero 
between —1 and 0 for a = 3 (between 0 and 1 for 
a= 1, 2) because by the representation, Eq. (32), Sa is a 
real continuous function of co in both the regions (—1, 
0—) and ( 0 + , 1). We note that 5 3 cannot have zeros 
between 0 and 1 because hz is positive definite in that 
region. In addition to the real zeros, Sa may, in general, 
have complex zeros which occur in conjugate pairs. Let 
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us assume for simplicity that Sa has just one real zero function with r given by 
between —1 and + 1 at co=—Ka, and just one pair of 
complex zeros at co = cor and co = cor*.10 

By proceeding in the same manner as in previous 
sections the following dispersion relation for rja can be 
derived: 

r« (*») = -
1 

2(w2+l)1/2 

1 1 r° 
i?«(w)==—ln(S*Si8)H— / 

lip T J i 

•Imx-faO. 

co'+o 
-do>f 

+ 
1 r00 Imi7a(co0 1 r 
- / do>'+- / 
7T. /2 Co' — CO W m 

{^W 

-co x./m ow2+co2 

X [ w Imr«(w)-co Rer a (w) ] , (39) 

where SB is the portion of the 5 matrix due to the Born 
term and the real zero: 

cof+co+K—iKp 
SB = —, f S ( l - « * ) l « 

Cof+C0 + K+£K̂ > 
(40) 

and SR is the portion of the S matrix due to the pair of 
complex zeros: 

SB = 
(kr+kr*)(u — 0>r)— (o)r—0>r*)(p—kr) 

(kr+kr*)(u-0>r*)-(ar*-Ur)(p-kr*y 
(41) 

where & r
2+l = cor2 and lm& r>0. 

The second term in Eq. (39) is due to the left-hand cut 
with xa(a)) given by 

X«(«) = i ? « ( - « ) . (42) 

Using Eqs. (35), (36), and (38) we obtain 

X«(«) = (l/2ip) hiCEfiAafi****), (43) 
so that 

1 
ImXa(co) = I n | L Aafi*"'™ \. (44) 

2p p 

For a = 3 we obtain 

ImX a(co)^0, (45) 

by making use of Eq. (44) and the inequality 

| £ / M s ^ " ' ( - > | < L * M 8 * | = i. (46) 

1 + 2 (m2+ \)^ha (im)v2 (im+ e) 
Xln . (48) 

l+2(m2+iyi2ha(imy(im-e) 

To obtain an upper bound on the magnitude of the 
coupling constant we make use of the dispersion relation 
for t]a in the (3y3) state in order to take advantage of the 
inequality (45). I t then follows from Eq. (39) and from 

that 

where 

limUsC^H lncol = — U-f2) (49) 
"-^L 2ip J 2 \3 / 

(50) 

lip 

/ 2 ^! [K/ ( l+ f ) ]c^ , 

C0 r*& r+C0 r& r*-W(c0 r— C0r*) 

cor*&r+cor&r*—i(o)r—cor*) 

A = exp I — (2/V) / dm Imr (m)/m 
I J TOO 

(51) 

I t follows from Eq. (38) that rja(dzl) = 0. Imposing this 
requirement on Eq. (39) and using Eqs. (45) and (47) 
we obtain the inequality 

where 

cor—co 0)r*kr+0)rkr* 

B = 

i (C0r*£r+C0rfcr*)2- (kr+kr*¥ 

r 
•(1/T) I dm m I m r ( w ) / ( w 2 + l ) . 

J mo 

(52) 

(53) 

Using Eq. (52) to eliminate /c/(l-ff) from Eq. (50) we 
obtain 

3 / B-p \1/2 

f%-( ) aA. 
4\l+B-pJ 

I t now remains to obtain bounds on A and B. This 
requires a knowledge of Imr, which plays here the same 

The third term in Eq. (39) is due to the right-hand r o l e a s *> d i d i n t h e ™ scattering problem. The estimate 
cut. I t starts at the first inelastic threshold co= 2 because o f u P P e r a n d l o w e r bounds on Imr, although straight-
Im7?a(co) = 0 for 1 ^ co ̂  2. We also note that by unitarity forward, is more complicated than the corresponding 

estimate for <p. In the present case we must know the 
lm^a(co)^0. (47) 

number of zeros, n, of the following quantity (which 
The last term in Eq. (39) is due to the cuts along the 

imaginary axis. I t is determined entirely by the cutoff (Rev)(Imv){Reh(im)+2(m2+l)zl2\h(im)\2 

X[(Re*) 2 - ( Imi0 2 ]} , (55) 
10 Additional zeros may of course be included. Their only effect 

is to strengthen the inequalities (50) and (52). where the argument of v is im-\- e. 
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The imaginary part of r is then bounded by 

(»+l)ir 
| I m r K , (56) 

2(^2+l)1 / 2 

and A and B are bounded by 

/mQ+(mo2+l)ll2+l\n+l 

Am 0 +(^o 2 +l ) 1 / 2 - l / ' (57) 

^^ i (^+ l ) (^o 2 +l )" 1 / 2 . 

Thus, we finally obtain 

/ n+l-2fi(mQ
2+l)l!2 \112 

f^M ) 
\2(mQ

2+iy'2(l-fi)+n+lJ 
/mo+(mo2+l)ll2+l\n+l 

X( ) . (58) 
W 0 +(wo 2 +l ) 1 / 2 - l / 

For a Feynman-type cutoff, i.e., 

a(m2) = m0
2d(m2-m0

2), (59) 

we find n—S and therefore /2^0.36, when a and /3 are 
calculated from the (3,3) resonance data and mo is 
chosen to be the nucleon mass. 

6. DISCUSSION 

The main purpose of this work was to show that there 
exists in field theory an analog to Wigner's theorem, in 
spite of the fact that the concept of a finite interaction 
range is not meaningful. It might be well to review here 
the assumptions that were made to obtain this result. 

First, the validity of the Mandelstam representation 
was assumed thus providing us with the information 
about the analytic structure of the S matrix. Clearly the 
analytic structure of the 5 matrix could be considerably 
more complicated without invalidating our results. Thus 
the use of the Mandelstam representation should not be 
regarded as being essential but rather as supplying a 
convenient framework. 

Second, it was assumed that the function S(z), defined 
by Eq. (5), exists, i.e., that the product D{z) has 
meaning. This product is obviously meaningful if the 
number of zeros of the S matrix is finite. The situation 
is more involved if the S matrix has an infinite number 
of zeros. According to the Weierstrass factor theorem,11 

11 K. Knopp, Theory of Functions (Dover Publications, New 
York, 1947), Part II. 

an entire function G(z) with an infinite number of zeros, 
none of which are at z=0, may be represented as 

G(«)= n (1—z/zy) exp (z/z,)+\{z/z,Y-\ 

+ (i /*,)*-1!! , 
kr-l J ) 

(60) 

with the integers kv chosen in such a way that 

v=4 
(61) 

is absolutely convergent for every s. Here the zeros of 
G (z) occur at zv and the zv for different v are not neces­
sarily distinct. Since the use of D{z) in Eq. (5) corre­
sponds to setting all kv in Eq. (60) equal to unity, it 
follows that we have assumed that if the number of 
zeros of the -5 matrix is infinite then the spacing be­
tween them increases sufficiently rapidly so that 

£l*/*l«». (62) 

Although this restriction can be relaxed the resultant 
bounds on the momentum derivative of the phase shift 
become quite involved and so we prefer to keep Eq. (62) 
as one of the conditions needed to obtain our results. 

Third, we have assumed that 8 (z) behaves at infinity 
no worse than z1/2~€, e>0. This actually is not an 
additional assumption but follows from the previous 
two, since if D(z) is finite and the Mandelstam repre­
sentation is valid then 8(z) can diverge no worse than 
logarithmically. 

Lastly, our result as expressed in terms of n [for 
example Eq. (22)] will be useful only if n is finite, n 
being the number of zeros of, for example, KeS(z) along 
the unphysical cut. Should n be infinite we can still 
obtain a bound by using the inequalities that involve 
explicitly the positions of these zeros [for example, 
Eqs. (17) and (18)], provided that the infinite sums or 
products over the number of these zeros converge. 
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